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The development of social systems as an evolution of systems with inside non-determination is
studied on the basis of non-standard analysis. The evolution of social systems is represented as a
movement in the space of states. ”Human” states space is the reduction of full space which is happening
by the filtration. The global and local optimal trajectories from the point of view of mathematics are
defined.
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1 Introduction: Mathematics
and social system modeling -
necessity or excess?

The problem of sustainable development of the
civilization becomes more and more important.
It is a pity that the humanity looses the global
fight for water, ground, food. In this failure there
is the origin of future conflicts, which can be a
source of future local wars and dictator regimes
with a civilized surrounding hidden.

That is why the forecasting of the develop-
ment of large social systems in a long perspec-
tive (ten and more years) from the abstract-
theoretical problem becomes a practical one. The
main sphere of using such models is the evolution
control of social systems with the aim of optimiza-
tion of the trajectory, definition of the develop-
ment process control parameters and minimizing
the necessary action in the vicinity of evolution
critical points. It is well known that social sys-
tem evolution is not controlled by the second law
of thermodynamics and the system development
does not lead to simplification but to complica-

tion of system structures. This complication de-
mands introduction negentropy rather than en-
tropy as a main parameter of system evolution.
In any case we can study the problem of social
evolution as a specific case of optimization prob-
lem with the specific rule of interaction. Taking
into account social system description the most
important problem consists in determination of
minimal influence (minimal act) of system co-
ordinator to achievements of coordinator tasks.
This minimal influence is most important near
the critical point of evolution, where the system
selects one of possible ways of prospective evolu-
tion. From mathematical point of view, this crit-
ical point corresponds to bifurcation point. The
critical point may have different nature depend-
ing on the set of principal variables in the space of
states. Classical ”social critical point” is the se-
lection of one of different possibilities for econom-
ical model of system development. This selection
has also economical effect: it is easier to prevent
crisis rather than to overcome it. Group of local
conflicts of last time is an another example of so-
cial evolution near the critical point with a very
complicated set of outcomes: political, economi-
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cal, humanitarian.
This reality supports us in the development of

general mathematical description of social pro-
cesses and social system evolution. Some aspects
of this problem is well known for physicists and
the mathematicians [6, 13, 14]. As a rule the de-
scription of social and living systems is realized on
the base set of phenomenological equations which
are linked with the activity of systems. This de-
scription gives an opportunity to research only
some aspects of full activity of living systems.
Proposed description based on statistically - in-
formational approximation of living system [2, 9]
and general system theory [17, 18], taking into
account the Aed realization [12] for non-standard
systems.

2 Social systems with inside
non-determination

Understanding the problem of social systems
modeling is connected with some methodological
difficulties. One of these difficulties is the creation
of necessary mathematical apparatus for describ-
ing systems with inside uncertainty. We define
the system with inside uncertainty as a system
which has in its description uncertainties caused
by some reasons rather than uncertainties due to
methods of description. In the simplest case we
can consider uncertainty of a system as changing
the results of the activity of the system in various
range of changing.

As a rule most of social systems are systems
with uncertainty.
Definition 1. In the wide meaning under the
phrase ”social system” we imply objects which are
connected with collective actions of living organ-
ism, objects, which do not exist out of borders of
activity of the collective.

Our goal is the investigation of more narrow so-
cial systems and systems connected with activity
of human society.

Social systems which are connected with acts
of human form only the part of possible social
systems, but the complicated one. The main dif-

ficulties of forecasting and creation the adequate
models of social systems are connected with the
acts of people and are raised by the next condi-
tions:

A. This social systems are systems with un-
certainty because units of social systems (people)
have mind and freedom of will.

B. The origin of new properties of the system
are not connected with the previous system evo-
lution history (the future state does not follow
from previous one).

C. Systems are non-determined and onset of
chaos regimes or regimes of self-organization in
them is possible. The transition between chaos
and self-organization is possible.

Our interpretation of social systems is rather
simple but it helps to widen all diversity of ac-
tivity manifestation of a living organism - from
self-organization of structures in communities of
microorganisms to chaos processes in economics.
From the mathematical point of view each system
which satisfies the determination of social system
generates the specific generalized space of states
[15]. This full space is denoted by AN , where
N is the dimension of space, the number of vari-
ables (characteristics) used for social system de-
scription. In general case N = ∞, but for real
modeling N < ∞. We believe that this space is
continuous because the set of attitude is full in
the closed region of possible meaning. Mapping
the space AN on the space which corresponds the
description of ”human” social system is the lim-
ited space Hn which appears by the filtration in
mean of non-standard analysis [7, 8].

Hn = AN/ℵ (1)

ℵ is the filter of transformation of degree (N − n),
n is the parameters set of the space of the states
H. Degree of the filter can be arbitrary, it means
that it is possible to widen or narrowing the whole
space of the states AN .
Definition 2. In the case N = n the filter ℵ is
the exception filter. This filter cuts down char-
acteristics of the homo from the full set of the
variables.
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The exact structure of ℵ depends on our un-
derstanding of the distinguishing differences be-
tween human social structure and organization
and other living system social organizations. In
such case every social system is determined not
only by the variable but by the corresponded fil-
ter, too. From the point of view of multilevel
hierarchical systems theory [1, 2] the filter is the
sway for the space of states.

3 Topology of the space of
states: hierarchical model of
social systems and system
evolution

Conditions A-C apply some restriction on possi-
ble social system states of space structure. The
full topology of space can be obtained by help of
the multilevel hierarchical systems theory.

3.1 Hierarchical representation

The multilevel hierarchical systems theory
(MHST) is developed on the basis of general
system theory [17, 18, 19]. The MHST is ap-
plied to social systems description and managing
[1, 2, 10, 11, 12, 21, 22] for a long time. Accord-
ing to MHST interactions between all systems are
divided into two big classes: interactions of con-
trol and interactions of collaboration. This two
cases of interactions correspond to interactions
between systems which are situated at different
levels and interactions between systems which are
situated at the same level. This way looks like
a space of operators for cognitive processes [4].
All systems together form the hierarchical world.
This hierarchical world has the graphics image
(Fig. 1) [1, 12, 21]. The system development in
our space is equal to the movement of a point in
the hierarchical space according to general prin-
ciples of point dynamics in the generalized space
[14, 20]. The mathematical images of large scale
systems are well known [23]. According to this
model our world is the set of interacting strata
and interacting systems situated on these strata.

FIG. 1. Short image of the hierarchical world. Quan-
tity ρ+ is the operator of uniting ( transition to new
level), ρ is the operator of uniting , solid lines are sway
translations, dash lines are signals

The sample of that kind of hierarchical world is
the hierarchical State model. The hierarchical
representation of world is not isomorphic to nat-
ural living pyramid (a.ex. food pyramid in ecol-
ogy and biology) because they present principally
different objects. The food pyramid presents the
real objects realized in real space but the hierar-
chical pyramid presents the object’s interactions
realized in the space of states. All strata have
diverse characteristics in concrete large systems,
statutes (symbol image) of which must be con-
nected to their history, with sway strategies in
their space. The systems are changing diverse de-
tails of their own construction on all strata and
these interactions are the base of unions of sys-
tems. Till now the process of world changing is
realized without actual understanding of its laws
and that causes hard mistakes in social system
development. The general theory of ”human” so-
cial system construction and development can be
build on the basis of Aed theory.

Aed theory (Aλ mathematics, [11]) has now
two own main hierarchical symbol images ×ρλ

and +ρλ which answer to acts of multiplying
(learning) and uniting (design). If operator ×ρλ
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acting on the system situated on the level (as an
example, point 1 on the demographical level) we
receive a system, situated on the same level. It
is possible to receive a hazy state (state of aris-
ing system), too. If operator +ρλ acts on point 1,
we receive a system situated on the another level.
This way the operators ×ρλ and +ρλ contain the
new means of control and connect strata (direc-
tions) of Aλ. The full set of aed strata are: Λ, λ
is level (time), Γ, γ are statute (law, connection),
P, ρ is act (process), Ω, ω is unit (state) Σ, σ are
construction (contents), B, β are new time (aris-
ing level), A, α is sway (coordinator). All these
strata are generalized coordinates, it means dif-
ferent real characteristics of system can be inter-
preted as a time or some of possible variables may
be described as a law. As an example, the condi-
tion of dynamical equilibrium for real economical
systems is the law variables ( Γ) for the problem
of social system stable development. Aed statute
Aλ in current level λ is described by its symbol
image ×αλ in the following set of locking expres-
sion: ×αλ
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In this way all aed strata can renovate its orig-
inal unit Aλ, they have all its signs and abilities,
↔ is the correspondence relation. The strata Λ
, Γ , B, P, Σ, Ω are strongly connected both
by their original unit Aλ and by the details of
their own constructions (by their new interac-
tions). Thanks to that all aed strata may be reno-
vated when any stratum is changed. The uniting

of similar records of all aed details leads to the
constructing of highest level unit Aβ.

Aβ γ↔
ρ

{
?
ω
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β
σ

}β
Aβ
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ρ

?

(3)

In this way the original statute aed Aλ is defined
as well as images of its ordinary states (Λ , Γ ,
B, P, Σ, Ω) but the statute of its leading unit
Aβ contains in its construction the hazy symbols
[25]. It means that new time β cannot have exact
definition at time λ

3.2 The space mapping

Let study the satisfaction of condition A-C.
Condition A. The uncertainties originate from
acting the multiplication operator ×ρ on the point
1. According to the main properties of hierar-
chical operators these actions map present point
into the state of hierarchical hazy. It means that
in the system the hazy occurs. By this mech-
anism the free will is realized. By this way the
local uncertainties of the unit element (the homo)
transferring into global uncertainties of the whole
system.
Condition B. The transition from the point 3
to the point 4 realized by the act of uniting op-
erator +ρ. The properties of the higher level do
not follow from the properties of lower level ac-
cording to the main mathematical properties of
hierarchical space.
Condition C. According to the item A, the tran-
sition of the system to the hazy region is equal
to the system unpredictable behavior. Let us
investigate the system situated in the point 4.
At first step the unit element 4 is changing, this
changes the map into the point 3 as a signal of
slave system. According to this signal, the sys-
tem 3 changes its own strategies and structures.
By them the control influence (solid lines) from
the point 3 organizes the structure of the point 4
according to the task of point 3. Because the task
of the coordinator is known only for coordinator,
the control influence from the point of view of
the system 4 is not completely determined.Second
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step. Because the system 3 changes its own struc-
ture and properties the signal transfers to 2 and
receives the control influence from the coordina-
tor of the higher level. By them it is possible to
direct the influence into 4 or reply only on 3. Be-
cause the influence 2-4 is the sway’s acting this
influence is hidden for the system 3. It means
that this influence lies in the hierarchical hazy
and acts through the hazy from the point of view
of system 3.

3.3 Optimal trajectory of the system

Let us study an optimal trajectory of the devel-
opment of the social system. According to [16] we
decide [9] that optimal trajectory will be the sta-
ble movement by minimal interaction with other
systems.
Definition 3. The condition of minimal inter-
action corresponds to system movement by the
geodesic line in the space of states.

We have two possible kinds of this movement.
The first one is the movement through different
levels, the second one is one-level interactions. If
Rg ({i, j}) is the set of states which are equal to
the movement by this line, R({i, j}) ∈ Hn is the
set of the states of the system which are equal
to the real movement. Here {i, j} is the num-
bered set of hierarchical variables, i are actual
for the problem variables, j are other variables.
The transition from hierarchical notations to in-
dex notations can be made by the different ways.
This transition is not important for our prob-
lem because sometimes we used short notation,
as Rg (i). In this case the problem of local and
global optimization of the movement of the sys-
tem can be formulated:
Definition 4. Local optimality of the develop-
ment: the development of a social system is lo-
cally optimal in the case of equal real and optimal
states by the filter of possible deviations

R(i) = Rg(i)/M, (4)

where M is the filter of possible deviations which

have the properties

lim
r→∞ (M− U) = δ

where r ∈ H is the index of sequence space Hn,
U is the set of control parameters for a real sys-
tem, filter for a real social system, δ is the infinity
small value.
Definition 5. Global optimality of the develop-
ment: social system develops optimally if the set
of real states strive to geodesic line between the
levels according to the sway law.

lim
r→∞ (R(i)−Rg(i)) = δ (5)

Equations (4, 5) principally allow to solve the
problem of optimization for the development of
social systems. We can determine the necessary
U for completing the conditions (4, 5) in case
we choose Rg (i) and M. Principally we can con-
trol U trough sway as a hierarchical structure. It
demands from coordinator knowledge about the
interaction with other systems of the same level
and information exchange.

3.4 Problem of collaboration
(one-level interaction)

The basis of control of highest stratum is the
system of lower stratum. Some different sys-
tems are situated at the same time at the same
level. The description of this simple system can
be developed based on different physical ground:
non-equilibrium statistics and thermodynamics,
as a system of reaction-diffusion type, informa-
tion system [5, 6, 14, 15, 16]. As an example,
let investigate the systems situated at point 2, 3,
4 on the Figure. The controlling level (point 2,
knowledge) influences on both systems, but the
results of influence are different because the sway
(coordinator) has its own tasks. It is presented
by the symbol of hazyness ”?” near the control
influence (solid lines). This hazyness is realized
only from the point of view of the lower level.
The bottom levels are effectively influencing on
the sway only when deviations of theirs trajec-
tories in hierarchical space from the trajectory
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of evolution defined by sway are rather small,
the system have local optimum. This influence
is realized through information transferring from
bottom level to higher level (dashes lines). The
value of this deviation δ for each trajectory is
determined by parameters Γ and γ (law and con-
nection) and is controlled by coordinator. Let us
define the full norm in the hierarchical space at
present k-th level as

∥∥∥∆k
∥∥∥ =

√√√√
∑

n,i

(〈
∆{i,j}|nk

〉
−Rk

g({i, j})
)2

. (6)

Here ∆ is a value of real characteristics, Rk
g{i, j}

is a value of the characteristics on the geodesic
line; in ∆k

{i,j} index j denotes all strata, index —n
enumerates all systems which are situated on the
current level. We take the trajectory as optimal
on the present level when

Rg(i)/Mk <
∣∣∣
∣∣∣∆k

∣∣∣
∣∣∣ . (7)

where Mk is the k-layer of full filter M. According
to our definition the total trajectory can be op-
timal in global meaning but not optimal in local
meaning due to the big deviation of one of the
characteristics.

Let us investigate the interaction between two
different system which are situated on the same
level. Let us study the case when the hierarchi-
cal level contains only two affiliate systems. This
intention does not limit the general conclusion.
The control is possible only trough the sway, be-
cause in the beginning both systems have the
equal weight in sway. The first system (point 3)
exchanges with the sway its own original unit and
details of their own construction. [21, 24]. After
that the sway exchanges with the second system
(point 4) its own original unit and the details of
its own construction. The sway can change the
own law because the sway have the law relatively
the lower level, too. This exchange is realized
by the sway taking into account the information
transferred from the lower stratum (dash lines on
the picture). The effectiveness of these processes
is determined by system competence.

Definition 6. The system is competent if the
system of the lower level has mathematical expres-
sion of the sway.

For the competent system this exchange is re-
alized more effective and this system uses law of
sway more effective, too. As a result the trajec-
tory of the development of a competent system
is nearer to the optimal trajectory and weight of
system rises for the sway. Taking into account (6)
we can write the partial norm as

∥∥∥∆k
{i,j}|n

∥∥∥ =
√∑

i

(〈
∆{i,j}|nk

〉
−Rk

g({i, j})
)2

.

(8)
and system is more competent if

∥∥∥∆k
{i,j}|n1

∥∥∥ <
∥∥∥∆k

{i,j}|n2

∥∥∥

In any case, interactions between one - level sys-
tems are reduced to the interactions between co-
ordinator and the system. Thus the main prob-
lem of optimization of the trajectory is the more
effective using the law and sway expression.

4 The appearance of the
uncertainty

For limited space Hn the nature of the appear-
ance of the uncertainty is very interesting. Nat-
ural idealization of model of social development
is the case of the ideal state of ideal people. It
is important that the uncertainty also occurs in
this determined system. This situation is equal to
the onset of the chaotic regime in the determin-
istic systems. The beginning of the deterministic
chaos is possible in systems with different nature (
physical [3], biological, social [5, 6]). For the sim-
plicity we believe that all social systems are equal
in the meaning of nonstandard analysis [6, 8, 9].
It means that in ideal case different social system
coincides on the filter do not differ. The usage of
the nonstandard analysis and extended universe
of variables is caused by the presence of the hier-
archical hazy [8] in social system. We cause this
hierarchical hazy by our evaluation of systems of
higher hierarchical strata.
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It is important to note that the inaccuracy of
the uncertainty occurs in the systems with poten-
tially homogeneous equal elements (all people are
equal) and potential homogeneous interaction (all
are in the boundary of equal rules, economical
conditions, etc.).

4.1 Production of uncertainty

While studying the values which are connected
with a social system we can assign two big classes:
exact-measure and non-exact-measure. Exact-
measure values are very seldom (for example the
number of representatives in the population at
present time) but the other class — non-exact-
measure values form the biggest part of param-
eters which are used in the description of social
systems. As a rule all exact-measure values are
taking by the calculation the non-exact-measure
values. For example, it is possible to determine
the exact number of the consumers of this re-
source now, but future extrapolation of quantity
would not be exact.

The hierarchical operators +ρλ and xρλ [3, 10]
must have nonstandard character because for
space Hn hierarchical structure must be a fil-
ter. Remember that +ρλ create new levels and
xρλ is needed in multiplication of current state.
According to the definition [7] of a non-standard
number, with taking into account the natural al-
gebraic character of direct multiplication and op-
erator nature of +ρλ = t1 + t̃1 we have:

(
+ρλ1 ++ ρλ2

)
7→ T1T2 = t1t2 + t̃1t̃2 (9)

where ∼ means halo of standard number and
the dimension Hn for the simplification could be
taken as two. According to the equation (9) we
receive the dynamics of uncertainty for determin-
istic system by the moving in one level. And
power of this uncertainty depends on number of
acts of transition operator. If we compare two
expressions, (1) and (9) it is easy to see that this
mappings are not isomorphic. From the point of
view of geometry the operation of filtration builds
the mapping of the space AN on tangent hyper-
plane Hn. Then the equation (1) is a projection

of hyper-plane Hn on one of the levels of filter. (It
is understanding of the system activity of sway).
During this the uncertainty of the state of the
system grew as t̃1t̃2 ≈ O2 (0). And this is natural
because the haziness of the state of the coordi-
nator is higher than the haziness of the state of
controlled system. Then the action according to
the equation (9) is mapping from hyperplane to
full space by the filter F .

AM = Hn/F (10)

According to equation (1, 10) in general case we
obtain

AM 6= AN (11)

and AM is the anticipating world. The our system
is full competent if we obtain AM = AN .

5 Conclusion

The general equation (2), (3) is the basis for the
description of real social system. For detailed
description of a given system we need to estab-
lish the correspondence between characteristics of
system and hierarchical variables Γ, Ω, . . .. Then
we obtain the equation of movement in hierar-
chical space and transfer this equation into the
equation for the space of real variables.

The main problem for this task solution is to
obtain the full set of variables for given task de-
scription. By this way the problem is not the
problem of mathematics but the problem of other
group of sciences (economics, sociology, demog-
raphy at all...). Thus as a conclusion we obtain
some general points:

• The problem of social system description is
connected with the exact representation of
the set of system variables. The full state
space can be build on the basis of non-
standard approximation of unit elements of
MHST.

• The social system evolution can be repre-
sented as a movement in the hierarchical
space of state.
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• The appearance of the social system develop-
ment uncertainty can be connected with the
non-standard value of social characteristics
set.

• According to own sway task the system can
develop with local but not with global op-
timum. This meet the case when local
geodesic line in the space of states (geodesic
line on the present hierarchical stratum) do
not coincide with the global geodesic line
(geodesic line pass trough some strata).
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